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1 INTRODUCTION 

Mechanical parameters of rock mass and soils 
obtained from geotechnical investigation often 
display significant scatter.  This fact follows not 
only from the natural development of the geo-
logical environment, but it is also caused by inac-
curacies arising from the laboratory experiments 
and field tests.     

Probabilistic calculations have been becoming 
a more available tool for solving numerical geo-
technical problems. Their spreading in the com-
mon praxis is prevented first of all by the time-
demanding calculations, requirements for out-
puts from geotechnical investigation and, in addi-
tion, due to the absence of the implementation of 
probabilistic methods in a commonly used soft-
ware. The present paper therefore deals with the 
Latin Hypercube Sampling reduction probabilis-
tic method, which is an alternative to the time-
consuming Monte Carlo simulation method.  

 

2 PROBABILISTIC CHARACTER OF PARAME-
TERS 

Without regard to selected solution of the geo-
technical problem (numerical, analytical solu-
tion) the analyses results are sensitive to values 
of input parameters. In case of variability of these 

values it is advisable to take into consideration 
their character of random quantities, described 
by the statistical or probabilistic characteristics. 
Random input quantities are represented in 
probabilistic calculations by a set of deterministic 
values (the so-called realisations, samples), 
which as a whole forms one of deterministic tasks 
which form the solved random problem (e.g. ge-
omechanical model). The response of the random 
problem is a data set at which we seek statistical 
and probabilistic characteristics. 

From the practical point of view, the paper fur-
ther takes into consideration only continuous 
random quantities, which can assume all values 
from a final or endless interval and mentions only 
the most used characteristics.        

A continuous random quantity X is character-
ised by the probability density function f(x) and 
the cumulative distribution function F(x):  

   (1) 

The position of the values of random quantity 
X is best fitted by the mean or expected value de-
noted as E(X) (also μ(X)), data variability (scatter) 
is expressed by variance Var(X), also σ2(X): 

 (2) 

Probabilistic analyses using Latin Hypercube Sampling method 

T. Svoboda & M. Hilar.  
3G Consulting Engineers, Prague, Czech Republic 

 

ABSTRACT: The Latin Hypercube Sampling (LHS) method is a numerical simulation method of the 
Monte Carlo type convenient for realisation of probabilistic analyses. The paper is focused on brief 
characterisation of algorithm of LHS method. It deals with method modifications and implementation of 
statistical correlation among random variables based on the optimisation of the sequence of particular 
samples in the columns of input variable matrix. LHS converges to the correct solution significantly 
faster than the Monte Carlo method and in this way substantially reduces the number of simulations 
and thus calculation time-demands. At the same time LHS preserves high accuracy of estimates of sta-
tistical characteristics. Further paper summarizes the LHS applications on solutions of geotechnical 
problems in Czech Republic and shortly characterises prepared software focused on probabilistic 
analyses by LHS method. The software is based on LHS mean method cooperating with simulated an-
nealing method to take the statistical dependency of input variables into consideration. 



 
2 

  (3) 

The square root of variance is titled as stan-
dard deviation ( ). Other characteristics 
(third and fourth moment) of the random quanti-
ties suitable for the determination of the prob-
ability distribution asymmetry are skewness and 
kurtosis. 

An important feature of random variables is 
the degree of their dependency. The dependency 
is characterised by covariance cov (Xi,Xj), or 
rather the correlation coefficient corr (Xi, Xj) (3), 
which, in contrast with covariance, does not 
change when variables are being linearly trans-
formed. The correlation coefficient assumes val-
ues from –1 to 1. 

 (4) 

  (5) 

For the statistic processing of variable input 
parameters is necessary, first of all, to describe 
these parameters by probability density func-
tions.  There are several appropriate tests on 
agreement of experimental data with probability 
distribution, for example the χ2 test, Kolmogorov 
- Smirnov test, MLE, or other advanced statistical 
analyses implemented into user programs. If the 
amount of input data is insufficient or we know 
only the interval of the values, it is difficult to de-
termine the relevant distribution.  

The overwhelming majority of studies and 
works dealing with the probabilistic analysis of 
geotechnical problems (e.g. Hamm et al. 2006, 
Flores 2010, Suchomel 2011, Choi 1997) point 
out the fact that it is recommendable to describe 
rock (soil) mass parameters by a normal or log-
normal distribution.  

The input parameters of solved probabilistic 
analyses we can regard as random variables 

3 LATIN HYPERCUBE SAMPLING METHOD 

The Monte Carlo method is commonly used 
numerical simulation method for solution of ran-
dom problems in which we require statistical and 
probabilistic information on the problem re-
sponse. However, for their exact estimates the 
Monte Carlo method usually requires many trials 
(program runs, simulations) to achieve the re-
quired error. To reduce the number of simula-
tions and the significant time demands on calcu-
lations several reduction methods have been 
developed. The Latin Hypercube Sampling 
Method appertains to these methods.    

The first implementation of the Latin Hyper-
cube Sampling method is associated with the 

solving and processing of uncertainties in analy-
ses of the safety of nuclear power plants in the 
United States of America. The method was pub-
lished for the first time by Conover and his col-
leagues in 1979 and its practical use was first de-
scribed in the work by Iman and Conover (1982). 
The LHS is a very efficient tool for executing sta-
tistical analyses which are focused on the deter-
mination of lower statistical moments of result-
ing variables. LHS converges to the correct 
solution significantly faster than the Monte Carlo 
method and this way significantly reduces the 
number of simulations with preservation of high 
accuracy estimates of probability density func-
tion parameters (the number of simulations N is 
in the order of tens to several hundreds). The ad-
vantage of this method follows from the manner 
of the selection of realisations (samples), where 
the entire scope of the input random variable is 
uniformly covered with respect to the distribu-
tion function. No real value is a priori excluded. 
The current method preserves the identified (es-
timated) probability density functions for indi-
vidual random variables and the determined cor-
relation coefficients between them. To attain 
these advantages LHS produce the highly de-
pendent joint probability density function of ran-
dom values vector. 

 

3.1 Samples generation and their form 

The method principle is N multiple generation 
of samples of each random variable. The domain 
of the cumulative distribution function F(x) cor-
responding to the probability density function 
f(x) for the particular variable is divided into N 
disjunctive intervals (layers). Individual intervals 
assume identical probabilities of 1/N. One value 
is selected from each layer to represent the entire 
interval and is to be used only once in the simula-
tion. It is therefore a case of a stratification 
method. In major cases the representative value 
of the random variable is derived by means of the 
inverse transformation of the distribution func-
tion. 

There are more methods available for the se-
lection of samples from individual intervals 
within the domain of the distribution function. 
One of the methods lies in generating N random 
numbers n from the uniformly distributed inter-
val (0, 1). These numbers are subsequently as-
signed to corresponding intervals using linear 
transformation. The values of samples xi,k of the 
variable  Xi are determined by means of the in-
verse distribution function: 

  (4) 
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Where k is the kth sample (also layer, interval) 
of the ith random variable Xi, Fi

-1 is the inverse dis-
tribution function of this variable, n is a randomly 
generated number from the interval (0, 1), N is 
the number of intervals and, at the same time, the 
number of simulations. The manner of the selec-
tion and the method itself are often referred to as 
„LHS random“.  

Another method of generating samples of a 
random variable which is applied in the majority 
of studies is selecting a value from the mid-point 
(median) of the interval 1/N on the distribution 
function.  This method is again associated with 
the direct use of the inverse distribution function: 

  (5) 

This method is sometime referred to as the 
„LHS median“. Fig. 1 depicts the cumulative dis-
tribution function F(x), which is divided into eight 
intervals with equal probability of 1/N. Points on 
the vertical axis represent medians of these in-
tervals and subsequently mark the corresponding 
values of the variable Xi.  

 
Fig. 1: Sampling by LHS median method 

 
 

Authors Huntington & Lyrintzis (1998), 
Keramat & Kielbasa (1999), Vořechovský (2009) 
point out disadvantages of this stratification 
method. These disadvantages are first of all re-
lated to marginal layers of the distribution func-
tion domain, which most of all affect the variance, 
skewness and kurtosis of input variables. Whilst 
this method provides the adequate or a very close 
mean value to the required value, the variance 
differs mostly significantly. 

Huntington and Lyrintzis make a suggestion 
the selection of representative samples xi,k to be 
solved as a mean value of the interval defined on 
the probability density function of a particular 
variable  Xi. 

  (6) 

Limits of integration yi,k can be determined 
from the relationship (7): 

  (7) 

The method referred to as the LHS mean (Fig. 
2) better captures the probability density func-
tion, where the mean value is determined exactly 
and the variance estimate of the particular vari-
able is significantly closer to the required vari-
ance. The LHS mean converges to a correct solu-
tion faster than the LHS median, therefore it 
requires smaller number of simulations. 

 
Fig. 2: Sampling by LHS mean method. 

 
 

Evaluation and recommendation in favour of 
stratification methods generally in relation to 
random methods (Monte Carlo) is a part of paper 
by Flores et al. (2010), Helton & Davis (2003), 
Olsson et al. (2003) and others.  
When the LHS method is applied, one of the two 
forms of samples arranged in sets for individual 
deterministic simulations is usually taken into 
consideration. In the first form, after generating 
representative samples for all random variables, 
samples for individual simulations are selected in 
the form of random permutations of whole num-
bers 1, 2, … to N. 
 
Tab. 1: Permutační tabulka – počet simulací 1 až N vzhle-
dem k počtu veličin X1 až Xi  

N/Xi X1 X2 X3 X4 … Xi 

1 3 1 6 3 2 
4 

6 
2 5 2 2 1 4 

 
4 

3 1 6 3 5 5 
 

1 

4 4 3 5 2 1 
 

3 

: 6 4 4 6 3 5 

N 2 5 1 4 6 2 
 

The permutation table lines define the number 
of simulations N and their sequence, whilst the 
columns define the number of variables Xi taken 
into account when solving the random problem. 
Individual elements, numbers in the permutation 
table, determine the kth layer (interval) which the 
sample xi,k of the variable Xi is selected from. As 
soon as the sequence (order) numbers are re-
placed by samples, we can speak about an X K x N 
samples matrix, where the K denotes the number 



 
4 

of variables and N is for the number of simula-
tions.  

The second form considers standardised ele-
ments arranged in a U K x N normalised samples 
matrix. 

   (8) 

where uj and  σj are the mean value and stan-
dard deviation of the jth variable respectively. 
This transformation will ensure that all columns 
(variables) have a zero mean value and unit vari-
ance. Other options are to work directly with the 
values of samples of individual variables or with 
random variables from the uniform distribution 
(0,1) generated in the columns of a   K x N matrix. 

Among individual variables usually arise sig-
nificant undesired correlations affecting the accu-
racy and quality of results. The random permuta-
tion described above represents the simplest 
permutation method. The assumption is adopted 
that the generated vectors of the X matrix (or U) 
are independent, or the dependences are suffi-
ciently small.  

 

3.2 Statistical dependency introducing 

It is advisable to verify the measure of statisti-
cal dependency of individual vectors (columns of 
the permutation table) using a Pearson’s linear 
correlation coefficient or a Spearman’s rank cor-
relation coefficient. The majority of works solve 
the implementation of statistical correlation in 
the form of rearranging the sequence of samples 
at individual variables and do not change their 
values. In this way, the probability distribution of 
each random quantity is preserved.  

There are several methods proposed for the 
simulation of correlated random variables with 
assigned arbitrary probability distribution func-
tion and values of correlation coefficients. This 
paper is further focused on a brief description 
and assessment of a few methods which are 
based on the optimisation of the sample sequence 
in the columns of a K x N matrix, which were gen-
erated without taking correlations into consid-
eration.     

The orthogonal transformation of independent 
random variables into correlated variables repre-
sents the most widely spread method for intro-
ducing correlation in the LHS method. Iman and 
Conover (1982) described a method using 
Spearman’s coefficient of correlation (9) for the 
description of statistical dependence between 
columns of an order matrix and the Cholesky de-
composition of a correlation matrix (10). Disad-
vantage of this method is the assumption of un-
correlated input variables and a persisting 

significant error in correlation between variables 
with respect to the required correlation matrix.     

The method referred to as the Updated Latin 
Hypercube Sampling (ULHS) (Florian 1992) aris-
ing from the Iman and Conover procedure was 
developed for the reduction of undesired correla-
tion with the aim of obtaining uncorrelated vari-
ables. Spearman’s correlation coefficient de-
scribes the dependence among columns of an 
order matrix R (K x N): 

  (9) 

where coefficients ci,j are Spearman’s correla-
tion coefficients among variables i and j within 
the interval (-1, 1) and R are individual elements 
of matrix R. The correlation matrix C is symmet-
rical and positively definite and in the case of the 
UHLS, the C has the shape of a unit matrix. 

  (10) 

L is a lower triangular matrix. The modified 
matrix of order R* is derived from the relation-
ship: 

  (11) 

The order numbers in each column of the ma-
trix R are subsequently ordered in such a way 
that their sequence is identical to orders in corre-
sponding columns of matrix R*. This modification 
of order matrix can be realised iteratively and it 
theoretically allows significant reduction of cor-
relation. However, other authors (e.g. Huntington 
& Lyrintzis 1998) caution that the ULHS method 
tends to converge to sequences which still give 
the correlation error between some variables. In 
the case of the simulation of correlated variables, 
the technique described above, faces with signifi-
cant problems.  

Huntington and Lyrintzis (1998) propose an 
optimisation method called „single-switch“. In-
stead of using orders this method directly rear-
ranges modified samples and uses Pearson’s cor-
relation coefficient for the determination of 
correlations. The subsequent procedure is solved 
step-by-step for each column m of matrix R with 
samples R. The vector T contains actual correla-
tion coefficients between the mth column and 
each previous column (m -1): 

  (12) 

 where 1 ≤ j ≤ m-1. The error of correlation co-
efficients E: 

  (13) 
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where T´ is a matrix containing required (tar-
get) correlation coefficients. The principle of the 
optimisation method is the calculation of the 
change in E for each pair of samples of the mth 

variable, which occurs when they are switched. 
The pair providing the greatest reduction in E is 
switched.  This procedure is realised for the mth 

variable iteratively until no further improvement 
is possible or the correlation coefficients are 
found inside the defined intervals. The procedure 
is repeated step by step for all variables. The 
“single-switch” method provides significantly 
higher correlation accuracy at a lower number of 
in comparison with the UHLS. 

A very effective and accurate procedure for the 
implementation of required correlations is repre-
sented by the Simulated Annealing Method (e.g. 
Morris & Mitchel 1995, Minasny & McBratney 
2006, Vořechovský 2009). It prefers the norm E 
for assessing the quality of statistical depend-
ences allowing for deviations of all correlation 
coefficients with a square (14), unlike the maxi-
mum difference, which is not suitable for direct 
minimisation. 

  (14) 

where NV is the number of variables and in 
brackets there is the difference between actual 
correlation coefficients Ai,j and required (target) 
Ti,j for quantities i and j. The method arises from a 
simple probabilistic method which swaps the or-
ders of a random pair of samples of a randomly 
selected variable in matrix X (e.g. normalised 
samples, order numbers). In the case of E norm 
reduction, the matrix X was adopted as a new 
generation, i.e. the initial matrix. But the above-
mentioned procedure in the majority of cases 
ends in a state when no change brings the reduc-
tion of the norm and the new matrix cannot be 
adopted. The method therefore finds the so-
called local minimums, without a chance of find-
ing the actual global minimum (Vořechovský 
2009). The principle of the Simulated Annealing 
Method is therefore based on the violation of the 
condition that a new generation of samples may 
be adopted only in the case of E norm reduction. 
In an every iteration a new generation is pro-
duced, it is ether adopted or not. The simulated 
annealing comes on in the second case and the 
new vector with a higher energy configuration 
(∆E > 0) is adopted with a certain probability 
which follows Boltzmann’s distribution: 

  (15) 

This distribution takes into consideration a 
system which is found in temperature equilib-

rium t and has its energy in terms of probability 
distributed among possible energy states ∆E. The 
non-zero probability in the adoption of a new 
generation of samples increases the chance of 
finding a configuration which will avoid the local 
minimum.    

Other selected permutation method, men-
tioned in smaller detail, is the Symmetric Latin 
Hypercubes Design (SLHD) method (Ye et al. 
2000), arising from a symmetric matrix N x K. 
The SLHD is based on a “Columnwise-Pairwise” 
(CP) algorithm. Within an optimum symmetric 
matrix searching process this algorithm simulta-
neously swaps the orders of two pairs within a 
column in each step of a particular iteration. The 
swap which is best with respect to the minimisa-
tion criterion is selected at the end of the itera-
tion and is used for the matrix modification. The 
shape of the resultant matrix is significantly sen-
sitive to the initial random generation of the 
permutation matrix, therefore the whole algo-
rithm should be repeated several times with dif-
ferent initial permutations.  The authors have 
evaluated the method on the basis of a compari-
son with the simulated annealing algorithm and 
Cholesky decomposition. Whereas the CP method 
is primarily suitable for small-size designs (e.g. 2 
variables x 12 simulations), the simulated anneal-
ing for more extensive concepts (e.g. 4 variables x 
25 simulations). The authors have pointed out 
that simulated annealing in conjunction with 
symmetric matrix gave more accurate results in 
majority of cases.   

There are several other methods available 
based on the optimisation of the samples order, 
which were implemented into the LHS method 
with the aim of allowing for correlations among 
variables and are not described in this paper in 
more detail. Anyway, their principle is very simi-
lar to the algorithms described above (e.g. Gram - 
Schmidt order orthogonalisation). 

 

4 THE LHS APPLICATION TO SOLVING GEO-
TECHNICAL PROBLEMS IN THE CZECH RE-
PUBLIC 

4.1 General overview 

The use of the LHS method in geotechnical 
practise in the Czech Republic is not too frequent, 
the majority of works dealing with this topic was 
carried out on university field.  

The statistical analysis of the Mrázovka tunnel 
numerical model is part of the work of Hilar 
(2000), where the LHS was used for assessing the 
influence of five basic parameters of the Mohr-
Coulomb model on deformations of the lining and 
ground surface.  Another example is the use of 
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the LHS method for the Valík tunnel calculations 
(Hrubešová et al. 2003), where the LHS is applied 
to the appraising of the influence of 10 input pa-
rameters (e.g. the anisotropy coefficient, dip of 
discontinuities etc.). Vaněčková (2008) uses the 
LHS method for solving problems of stability of a 
rock slope intersected by a system of discontinui-
ties. Geotechnical parameters and other proper-
ties of discontinuities can assume four different 
probability distribution functions. Part of the 
Parák study (2008) is focused on the LHS applica-
tion to the determination of the influence of 
ground geotechnical parameters, parameters of 
sprayed concrete and initial conditions on struc-
tural forces of a circular tunnel lining. Doc. J. 
Pruška devotes to the using of the LHS in geo-
technics in the long term (e.g. Pruška, Šedivý 
2010). 

The above-mentioned works and studies as-
sume linearly independent input geotechnical pa-
rameters which means, they did not deal with 
their correlation. In addition, all works consider 
the LHS median method type (the mid-point of an 
interval within the domain of the distribution 
function). This method, in comparison with the 
LHS mean, converges to the result significantly 
slower and higher number of simulations is rec-
ommended for achieving a satisfactory accuracy. 
Further, normal probability distribution of input 
parameters is usually assumed in the majority of 
works. 

The LHS method finds significant use in the 
Czech Republic in the field of reinforced concrete 
structures. The Institute of Construction Mechan-
ics of the Faculty of Civil Engineering of the Uni-
versity of Technology in Brno, represented by 
Prof. Novák, doc. Vořechovský and others, deals 
with modifications and improvements of the LHS 
method for practical applications in the long 
term. 

4.2 LHS software 

In a framework of an applied research project 
the present paper authors have prepared soft-
ware, and continue in its further developing, fo-
cused on probabilistic analyses by LHS method. 
This chapter devotes to brief feature description 
of the program implemented into simple graphic 
projection.  

Program considers four different basic prob-
ability distributions (normal, log-normal, expo-
nential and Weibull distribution) to be assigned 
to random variables. Selection of representative 
samples of each random variable is based on LHS 
mean method. As mentioned in Chapter 3.2., this 
method selects samples as a mean value of inter-
vals defined on probability density function of 
particular random variable. Implemented 

method, in comparison with standard LHS ver-
sions, better captures the probability density 
function and variance estimate of particular ran-
dom variable is substantially closer to required 
value (Fig. 3 – example of convergence of Young 
modulus variance).  

 
Fig. 3: Evaluation of variance convergence of samples 
genrated by LHS mean and LHS median method to re-
quired value in relation to simulation number. 

 
This feature allows further reduction of simu-

lation number, in conjunction with accuracy 
preservation, and concurrently lowers time de-
mands of analyses in this way. Occurrence of un-
desired correlations and introduction of required 
correlations among random variables is being 
solved by Simulated Annealing method cooperat-
ing with simple “smoothing” algorithm. 

Software and LHS mean method itself has been 
verifying by numerical models of underground 
construction realised in Czech Republic recently 
(e.g. cross sections of Brusnice tunnel). 

5 SUMMARY 

The Latin Hypercube Sampling (LHS) method 
represents an effective probabilistic method of 
the Monte Carlo type for statistical processing of 
input variables and estimation of statistical mo-
ments of the solved problem response. The great-
est advantage lies in the possibility of significant 
reducing the number of simulations in compari-
son with the standard Monte Carlo method with 
preservation of the high accuracy of estimates. 
The LHS method maintains the probability distri-
bution assigned to all variables and allows for the 
degree of correlation among them. Several modi-
fications improving the method accuracy and at 
the same time reducing the time-demands of 
simulations were developed and adopted. The 
LHS method finds its use in many branches, in-
cluding geotechnics with underground construc-
tions. The LHS use for structural analyses of un-
derground structures may significantly improve 
the accuracy of the concept of the anticipated be-
haviour of a structure (first of all the occurrence 
probability of limit states). 
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