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PRAVDEPODOBNOSTNI ANALYZA METODOU
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PROBABILISTIC ANALYSIS USING LATIN HYPERCUBE
SAMPLING METHOD
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1 OVOD

Mechanické parametry horninového masivu ziskané v ramci
geotechnického pruzkumu pro ndvrh podzemnich staveb (pii-
padné i jinych konstrukci) maji asto znany rozptyl. Dand sku-
tecnost vyplyva nejen z vlastnosti geologického prostredi, které
zpravidla neni homogenni, ale je zapfi¢inéna také nepfesnostmi
provadénych laboratornich ¢i polnich zkousek.

Nejistoty ve vstupnich parametrech jsou v deterministickych
vypoétech v geotechnické praxi zohlednény pomoci bezpeénost-
nich koeficientii. Ty do vypoéti podle Eurokédu 7 (EC7 — CSN
EN 1997-1) vstupuji ve formé dil¢ich soucinitelu aplikovanych
na materialové parametry, samotnd zatiZeni, jejich ucinky, nebo
pripadné oboje. Pri standardnim vypoctu mohou byt vysledky
znacné konzervativni, model s redukovanymi vstupnimi para-
metry se muZe vyrazné odliSovat od skute¢ného chovdni.
V normé EN 1990:2002 je povoleno pouziti pravdépodobnost-
nich metod, které zohledriuji variabilitu vstupnich parametra
a zatéZovacich stavi. Pravdépodobnostni vypocet je formulovén
jako alternativa, kterd md byt ovéfena standardnim vypocltem
s vyuzitim dil¢ich soudiniteld. Pomoci pravdépodobnostnich
metod lze urcit pravdépodobnost poruchy a index spolehlivosti,
jejichZ minimdlni hodnoty pro mezni stav inosnosti a jednotlivé
tiidy spolehlivosti jsou doporuceny v EC 7. Vysledkem pravdeé-
podobnostniho pristupu pak je nejen zda konstrukce vyhovi, ¢i
nikoli, ale i stanoveni miry rizika poruSeni souvisejictho
s navrZenou konstrukci.

Pravdépodobnostni vypolty se stdvaji stdle dostupnéjS$im
nastrojem pro feSeni geotechnickych tloh. Jejich rozSifeni
v béZné praxi brani zejména vySs§i Casové ndroky na zpracovani
vypoctu, ndroky na vystupy z geotechnického pruzkumu, déle
také chybéjici implementace pravdépodobnostnich metod
v bézné pouzivaném programovém vybaveni. Nasledujici prispe-
vek se proto zabyvd redukéni pravdépodobnostni metodou
Latinskych hyperkrychli (Latin Hypercube Sampling), kterd je
alternativou k Casové ndro¢né simula¢ni metodé Monte Carlo.
Obsahem ¢ldnku je predevsim popis algoritmu metody, jeji vyvoj,
soucasny stav pozndni a aplikace v ¢eské geotechnice praxi.

2 NAHODNE PROMENNE

Vysledky numerického modelovani geotechnickych tloh jsou
velmi citlivé na vstupni parametry (v souvislosti s pravdé-
podobnostnimi analyzami lze hovorit o proménnych). Nejistota
spojend se stanovenim parametra vede k nejistoté uréenf vysled-
ku celého systému — feSeného problému. Pro jejich vyjadreni je
vhodné brdt v tdvahu jejich charakter ndhodnych velicin.
Néhodna veli¢ina nabyva raznych hodnot a je charakterizovdna
rozdélenim hustoty pravdépodobnosti. Z praktického hlediska
studie dale uvazuje pouze spojité ndhodné veliciny, které mohou
nabyvat vSech hodnot z daného intervalu. Ndhodné vstupni veli-
&iny jsou u pravdépodobnostnich vypocta reprezentovdny sadou
deterministickych &isel (tzv. realizaci, vzorki), kterd jako celek

1 INTRODUCTION

Mechanical parameters of rock mass obtained for the purpose of
designing underground structures (or other structures) within the
framework of geotechnical investigation often display significant
scatter. This fact follows not only from the properties of the geolo-
gical environment, which usually is not homogeneous, but it is also
caused by inaccuracies in the executed laboratory of field tests.

Uncertainties in input parameters are allowed for in determinis-
tic calculations in the geotechnical practice by means of safety
coefficients. They enter the calculations to Eurocode 7 (EC7 —
CSN EN 1997-1) in the form of partial coefficients applied to
material parameters, loads themselves, their effects, or both of
them. In a standard model calculation the results may be signifi-
cantly conservative; a model with reduced input parameters may
substantially differ from the real behaviour. The EN 1990:2002
standard permits the use of probabilistic methods, which take into
consideration the variability of input parameters and loading
cases. A probabilistic calculation is formulated as an alternative,
which should be verified by a standard calculation using partial
coefficients. By using probabilistic methods it is possible to deter-
mine the probability of a defect and the index of reliability, the
minimum values of which for the ultimate limit state and indivi-
dual reliability classes are determined in the EC 7. The result of
the probabilistic approach is then not only the information whet-
her the structure will or will not satisfy requirements, but also the
determination level of the risk of a failure connected with the
designed structure.

Probabilistic calculations have been becoming an ever more atta-
inable tool for solving geotechnical problems. Their spreading in
the common praxis is prevented first of all by the higher consump-
tion of time for executing the calculations, requirements for outputs
from geotechnical investigation and, in addition, due to the absence
of the implementation of probabilistic methods in a commonly used
software. The following paper therefore deals with the Latin
Hypercube Sampling reduction probabilistic method, which is an
alternative to the time-intensive Monte Carlo simulation method.
The paper content comprises first of all the description of the met-
hod algorithm, its development, current state of knowledge and
application within the Czech geotechnical practice.

2 RANDOM VARIABLES

Results of numerical modelling of geotechnical problems are
very sensitive to input parameters (it is possible in the context of
probabilistic analyses to speak about variables). The uncertainty
associated with the determination of parameters leads to an uncer-
tainty in the determination of results of the entire system — the pro-
blem to be solved. For their formulation it is advisable to take into
consideration their character of random quantities. A random
quantity assumes various values and is characterised by the pro-
bability density distribution. From the practical point of view, the
study further takes into consideration only continuous random
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tvori jednu z deterministickych utloh, ze kterych se sklada reseny
nahodny problém. Vstupni sady parametra jsou tak pouZity pro
ziskdni odezvy (napr. stupen stability) geomechanického modelu,
u niZ hledame statistické a pravdépodobnostni charakteristiky.
Spojitd ndhodnd veli¢ina X je charakterizovéna funkci hustoty
pravdeépodobnosti f(x) a kumulativni distribuc¢ni funkci F(x)(1),
pro nez plati:
+4

f(x)dx (1)

-0

F(x) =

Polohu hodnot ndhodné veli¢iny X nejlépe vystihuje stfedn{
hodnota znacend EX (t€Z u), variabilitu (varianci, rozptylenost)
. v s (i ol
dat vyjadruje rozptyl Var X, €z Ox (2):
+oo
EX = J- xf(x)dx
-

+oo
VarX = (x — EX)*f(x)dx (2)
=00
Odmocnina z rozptylu je nazyvana smerodatnou odchylkou
(0x = /0£) . Dalimi charakteristikami (tfetim a &vrtym mo-
mentem) ndhodné veli¢iny vhodnymi pro uréeni asymetrie prav-
dépodobnosti rozdéleni jsou Sikmost a Spicatost.
2.1 zavislost nahodnych proménnych
DuleZitou vlastnosti ndhodnych proménnych je stupen jejich
vzdjemné zdvislosti. Ta je charakterizovdna kovarianci cov
(Xi,Xj), respektive koeficientem korelace corr (XiXj) (3), ktery
se na rozdil od kovariance neméni pri linedrn{ transformaci pro-
ménnych. Korelaéni koeficient nabyva hodnot od —1 do 1.

cov(XuX,) = E(X0 X)) — EXDE(X,) corr (X)) = Z2&X) )
OxiOxj

kdeij=1,....,n

Pfi prostorovém popisu mechanickych vlastnosti horninového
masivu se predpokladd, Ze hodnoty dané proménné ve dvou vza-
jemné blizkych bodech budou podobné. Naopak ve dvou vzdale-
nych bodech se jiz vyrazné 1i§{ a parametry jsou témér nekorelo-
vané. Zménu korelacniho koeficientu vzhledem ke vzddlenosti
dvou bodt v prostoru popisuje korelacni funkce o (Xi,Xj). Z uve-
denych vlastnosti vyplyva, Ze s rostouci vzdalenosti boda hod-
nota korelacniho koeficientu klesd. Zavislost jeho poklesu je
obvykle popisovdna exponencidlnim tvarem korelacni funkce
definované polohou bodi x;, xj ndhodnych proménnych X;, X;
a korelacni délkou.
2.2 Pravdépodobnostni rozdéleni

Pro statistické zpracovéni variabilnich vstupnich parametru je
nejprve nutné tyto parametry popsat pravdépodobnostnim rozdé-
lenim. Existuje fada metod k tomu uréenych, naptiklad %2 (chi
kvadrét) test, Kolmogorov—Smirnov test a dalsi, pripadné je
vhodné vyuzit statistickych analyz implementovanych do uZiva-
telskych programu (napi. QC Expert). Pokud je k dispozici mdlo
vstupnich dat, ¢i zndme pouze interval hodnot, ve kterych se
parametry pohybuji, je obtiZné stanovit odpovidajici rozdéleni.

Prevazna vétina studii a praci zabyvajici se pravdépodobnost-
ni analyzou geotechnickych problému (napr. Hamm a kol. 2006,
Flores, 2010) poukazuje na skuteCnost, Ze parametry horninové-
ho (zeminového) masivu je vhodné popsat normdlnim, ¢i log-
normalnim rozdélenim. Vyjimkou je pouziti Weibullova rozdéle-
ni, pripadné exponencidlniho rozdéleni, a to predevsim z duvodu
existence jednoduchého feseni distribuéni funkce.

3 METODA LATIN HYPERCUBE SAMPLING

Metoda Latin Hypercube Sampling (LHS) je numerickd simu-
la¢ni metoda typu Monte Carlo (MC). Metoda Monte Carlo
(obr. 1) je bézné pouZivdna pro feSeni ndhodnych problému,
u kterych poZadujeme statistické a pravdépodobnostni informa-
ce odezvy problému. K jejich presnému odhadu v8ak metoda

quantities, which can assume all values from a particular interval.
Random input quantities are represented in probabilistic calculati-
ons by a set of deterministic figures (the so-called realisations,
samples), which as a whole forms one of deterministic problems
which the random problem being solved consists of. The input sets
of parameters are subsequently used for obtaining the response
(e.g. the degree of stability) of the geomechanical model at which
we seek statistical and probabilistic characteristics.

A continuous random quantity X is characterised by the functi-
on of probability density f(x) and the cumulative distribution func-
tion F(x) (1), for which it applies:

F(x) = f f)dx )

The position of the values of random quantity X is best fitted by
the mean value denoted as EX (also u); data variability (variance,
dissemination) is expressed by scatter ‘Var’ X, also 0;? 2):

+co +co
EX = f xf(x)dx VarX = [ (x —EX)*f(x)dx (2)

The square root of scatter is titled as standard deviation

(ox = 1: ). Other characteristics (third and fourth moment) of

the random quantities suitable for the determination of the proba-
bility distribution asymmetry are skewness and kurtosis.
2.1 Dependence of random variables

An important property of random variables is the degree of their
interdependence. The interdependence is characterised by covari-
ance cov (X;Xj), or the correlation coefficient corr (X;, X)) (3),
which, in contrast with covariance, does not change when variab-
les are being linearly transformed. The correlation coefficient
assumes values from —1 to 1.

cov(X;, X;) = E(Xi, X;) — E(XDE(X;) corr(Xy, X)) = csae e

Oxi0xj ©)
wherei,j=1,....n

In the case of a spatial description of mechanical properties of
rock mass it is assumed that the values of the particular variable in
two points found close to each other will be similar. On the contra-
ry, in two remote points the values already significantly differ and
the parameters are nearly uncorrelated. The change in the correlati-
on coefficient with regard to the distance between the two points in
space is described by the correlation function @ (Xi, Xj). It follows
from the above-mentioned properties that the correlation coefficient
value drops with the growing distance between the points. The
dependence of the drop is usually described by means of the expo-
nential shape of the correlation function defined by the positions of
points x;, xj of random variables X;, X; and the correlation length.
2.2 Probability distribution

It is necessary for the statistic processing of variable input para-
meters to start with the description of the probability distribution.
There are several methods available which are designed to this
purpose, for example the %2 (chi-squared) test, Kolmogorov -
Smirnov test and other, or it is advisable to use statistical analyses
implemented into user programs (e.g. QC Expert). If the amount
of input data is insufficient or we know only the interval of the
values within which the parameters vary, it is difficult to determi-
ne the relevant distribution.

The overwhelming majority of studies and works dealing with the
probabilistic analysis of geotechnical problems (e.g. Hamm et al.
2006, Flores 2010) point out the fact that it is recommendable to
describe ground (soil) mass parameters by a normal or log-normal
distribution. The use of Weibull distribution or exponential distri-
bution is an exception, first of all because of the existence of

a simple solution to the distribution function.
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3 LATIN HYPERCUBE SAMPLING METHOD

The Latin Hypercube Sampling (LHS) method is
a numerical simulation method of the Monte Carlo (MC)
type. The Monte Carlo method (see Fig. 1) is commonly
used for solutions to random problems in which we requ-
ire statistical and probabilistic information on the pro-
blem response. However, for the exact estimation the
Monte Carlo method usually requires very many trials
(program runs, simulations) to achieve the required error.
Several reduction methods have been developed with the
objective to reduce the quantity of simulations and the
significant time demands following from them.

The first implementation of the Latin Hypercube
Sampling method is associated with the solving and pro-

Obr. 1 Princip vybéru vzorku metody Monte Carlo
Fig. I The principle of the Monte Carlo method sampling

Monte Carlo vyZaduje obvykle velmi mnoho pokusu (béht pro-
gramu, simulaci), aby bylo dosaZeno poZadované chyby. Z duvodu
sniZeni poctu simulaci a z nich vyplyvajici znacné ¢asové néroc-
nosti byla vyvinuta fada reduk&nich metod.

Prvni zavedeni metody Latinskych hyperkrychli souvisi
s feSenim a zpracovanim nejistot v analyzach bezpecnosti nukle-
arnich elektraren ve Spojenych statech americkych. Metoda byla
prvné publikovdana Conoverem a jeho kolegy v roce 1979 a jeji
praktické pouziti v praci Imana a Conovera (1982). LHS je velmi
uéinnym ndstrojem pro provadéni statistickych analyz, které jsou
zaméfeny na stanoveni nizSich statistickych momenti vysled-
nych proménnych. Vyrazné sniZuje pocet simulaci pfi zachovéani
vysoké presnosti odhadu (pocet simulaci N je v fddu desitek az
prvnich stovek). LHS tak konverguje vyraznée rychleji ke sprav-
nému feseni nez metoda Monte Carlo. Vyhoda metody plyne ze
zpusobu vybéru realizaci, kdy cely rozsah vstupni ndhodné pro-
ménné je pokryt rovnomeérné vzhledem k distribu¢ni funkci.
Z4dna realnd hodnota neni predem vylou¢ena. Souasné metoda
zachovava zjisténé (odhadnuté) funkce hustoty pravdépodobnos-
ti pro jednotlivé ndhodné proménné a stanovené korelaéni koefi-
cienty mezi nimi. Aby bylo dosazeno téchto vyhod, LHS sesta-
vuje vysoce zdvislou sdruzenou hustotu pravdépodobnosti vek-
toru ndhodnych velicin.
3.1 Vybér vzorkd nahodné proménné

Principem metody je N nédsobné generovéni vzorka kazdé
ndhodné proménné. Defini¢ni obor kumulativni distribu¢ni funk-
ce F(x) odpovidajici funkci hustoty pravdépodobnosti f{x) dané
proménné je rozdélen na N disjunktivnich intervald (vrstev).
Jednotlivé intervaly nabyvaji shodné pravdépodobnosti 1/N.
Z kazdé vrstvy je vybrdna jedna hodnota, kterd reprezentuje cely
interval a v simulaci se pouzije pravé jednou. Jednd se tedy
o stratifika¢ni metodu. Pomoci inverzni transformace distribu¢ni
funkce je ziskdna reprezentativni hodnota ndhodné proménné.

Existuje vice zpusobu vybéru vzorku z jednotlivych intervala na
oboru distribu¢ni funkce. Jednou z metod je vygenerovani N
nahodnych ¢isel n z intervalu {0,1} o rovnomérném rozdéleni. Tato
¢isla jsou ndsledné linedrni transformaci prirazeny k odpovidajicim
intervalim a vy$e zminénou inverzni transformaci distribu¢ni funk-
ce stanoveny hodnoty vzorki x; x (4)proménné X;:

kde k je k-ty vzorek (téZ vrstva, interval) i-té ndhodné pro-
ménné Xi, Fi-1 je inverzni distribu¢ni funkce této proménné, n je
ndhodné vygenerované &islo z rovnomérného intervalu {0,1}, N
je pocet intervali a soucasné polet simulaci. Zpusob vybéru
a samotnd metoda je Casto oznacovana jako ,,LHS — random*.

“

cessing of uncertainties in analyses of the safety of nuc-

lear power plants in the United States of America. The

method was published for the first time by Conover and
his colleagues in 1979 and its practical use was first described in
the work by Iman and Conover (1982). The LHS is a very effecti-
ve tool for executing statistical analyses which are focused on the
determination of lower moments of order statistics of resultant
variables. It significantly reduces the number of simulations with
the high precision of estimations (the number of simulations N is
in the order of tens to several hundreds) maintained. In this way
the LHS converges to the correct solution significantly faster than
the Monte Carlo method. The advantage of this method follows
from the method of the selection of realisations, where the entire
scope of the input random variable is covered by uniformly with
respect to the distribution function. No real value is a priori exc-
luded. The current method preserves the identified (estimated)
functions of the density of probability for individual random vari-
ables and the determined coefficients of correlation between them.
The LHS makes up the highly dependent composite probability of
the density of the random values vector.
2.1 Random variable sampling

The method principle lies in repeating N times the generation of
samples of each random variable. The domain of the cumulative
distribution function F(x) corresponding to the probability density
function f{x) for the particular variable is divided into N disjuncti-
ve intervals (layers). Individual intervals assume identical proba-
bilities of 1/N. One value is selected from each layer to represent
the entire interval and is to be used only once in the simulation. It
is therefore a case of a stratification method. The representative
value of the random variable is derived by means of the inverse
transformation of the distribution function.

There are more methods available for the selection of samples
from individual intervals within the domain of the distribution
function. One of the methods lies in generating N uniformly distri-
buted random numbers n from the interval {0.1}. These numbers
are subsequently bound to corresponding intervals using linear
transformation and the values of samples x; ;. (4) of the variable X;
are determined by means of the above-mentioned inverse trans-
formation of the distribution function:

n+(k-1

X = F (%) )

where £ is the kth sample (also layer, interval) of the ith random
variable Xi, Fi! is the inverse distribution function of this variab-
le, n is a randomly generated number from the interval {0.1},
N is the number of intervals and, at the same time, the number of
simulations. The method of the selection and the method itself are
often referred to as ,,LHS — random*.

Another method of generating samples of a random variable
which is applied in the majority of studies is selecting a value
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from the mid-point of the interval 1/N on the distribution
function, which is again associated with the direct use of
the distribution function (5):

i k=035
Xix = Fi (7)

= 5)

This method is sometime referred to as the ,,LHS medi-
an®. Fig. 2 depicts the cumulative distribution function
F(x), which is divided into eight intervals with equal pro-
bability of 1/N. Points on the vertical axis represent mid-
points of these intervals and subsequently mark the cor-
responding values of the variable X.

Authors Huntington and Lyrintzis (1998), Keramat and
Kielbasa (1999) point out disadvantages of this stratifica-
tion method. These disadvantages are first of all related to

Obr. 2 Princip vybéru vzorku metody ,,LHS median“
Fig. 2 The principle of the LHS Median method sampling

Dal§im zpusobem generovdni vzorki ndhodné proménné,
ktery je aplikovan v prevdzné vétsiné studii, je vybér hodnoty ze
stiedu intervalu 1/N na distribuéni funkci, ktery je spojeny opét
s pfimym pouZitim inverzni distribu¢ni funkce (5):

i k—0,5
Xix = F; (—)

N (&)

Tato metoda je nékdy oznaCovana jako ,,LHS median®. Obr. 2
znéazornuje kumulativni distribuéni funkci F(x), kterd je rozdéle-
na na osm intervalu o stejné pravdépodobnosti 1/N. Body na ver-
tikdln{ ose predstavuji stfedy téchto intervali a ndsledné vyzna-
¢uji odpovidajici hodnoty proménné X.

Autofi Huntington a Lyrintzis (1998), Keramat a Kielbasa
(1999) poukazuji na nevyhody této stratifikacni metody. Ty se
tykaji predevsim krajnich vrstev oboru distribu¢ni funkce, které
nejvice ovliviuji hodnotu rozptylu, Sikmost a $picatost rozdéleni
vstupnich veli¢in. Zatimco tato metoda poskytne odpovidajici, ¢i
velmi blizkou stfedni hodnotu vzorka té pozadované, rozptyl se
vétSinou vyrazné lisi.

Huntington a Lyrintzis navrhuji fesit vybér reprezentativnich
vzorkl x;; (6) jako stfedni hodnotu intervalu vymezeného na
funkci hustoty pravdépodobnosti dané proménné X;. Vzorky se
tak nachdzeji presné v t€Zistich rozdélovacich ploch.

1 Yik
Xik =N xf(x)dx (6)
Yik-1
Meze integrélu y; x 1ze urCit ze vztahu (7):

Yir = F (%) ™

extreme layers of the distribution function domain, which

most of all affect the variance of input quantities. Whilst

this method provides the adequate value or a mean value
very close to the required value of samples, the variance is most-
ly significantly different.

Huntington and Lyrintzis propose that the selection of represen-
tative samples x;; (6) should be solved as a mean value of the
interval delineated on the function of the density of probability of
a particular variable X;. In this case the samples are located exact-
ly in the median points of dividing areas.

Vik
Xik =7 xf (x)dx (6)
Yik-1
Limits of integration yi,k can be determined from the relations-
hip (7):
Yik = Fi (N‘) @)

The method referred to as the LHS Mean (see Fig. 3) catches the
probability density function, where the mean value is determined
exactly and the estimation of the variance of the particular variab-
le is significantly closer to the required variance. The improve-
ment of the sampling method is demonstrated by the authors by
comparing the statistical accuracies of the two methods for expo-
nentially distributed random variables with various number of
samples (simulations). The values of the samples selected using
the two methods are nearly identical; they differ only at the distri-
bution boundaries. Fig. 4 demonstrates the difference in the selec-
tion of samples using both methods for a normally distributed
variable f(x), which is in this particular case characterised by
Young’s modulus E. The influence of the number of simulations
on the dissimilarity of the selection of samples is obvious.

The LHS Mean method converges to a correct solution faster

—_— f(x)
vybér vzorki

XXXXX

kumulativni distribuéni funkce F(x)
cumulative distribution function F(x)

yik1 o Xik o ¥ik

nahodna proménna X - random variable X

selection of samples
hranice intervalu

than the LHS Median method, therefore it requires
smaller number of simulations. This fact is even
confirmed by Vorechovsky (2009).
3.2 Form of samples and their arrangement

When the LHS method is applied, one of the two
forms of samples arranged in sets for individual
simulations is usually taken into consideration. In
the first set, after generating representative sam-
ples for all random variables taken into considera-
tion, samples for individual simulations are selec-
ted in the form of random permutations of whole
numbers 1, 2, ... to N (table 1).

The permutation table lines define the number of
simulations N and their sequence, whilst the

Obr. 3 Princip vybéru vzorku metody ,,LHS mean*
Fig. 3 The principle of the LHS Mean method sampling

columns define the number of variables Xi taken
into consideration when solving the random




Metoda, Casto nazyvana ,,LHS mean® (obr. 3), 1€pe vystihuje
funkci hustoty pravdépodobnosti, kdy stfedni hodnota je stano-
vena presné a odhad rozptylu dané proménné je znacné bliZs{
pozadovanému. VylepSeni vzorkovaci metody autofi demonstru-
ji na srovnani statistické presnosti obou metod pro exponenciél-
né rozdélené ndhodné proménné o rizném poctu vzorku (simu-
lac). Hodnoty vzorku vybrané obéma zpusoby jsou témér iden-
tické, lisi se pouze ,,0kraji“ rozdeleni. Obr. 4 demonstruje rozdil
ve zpusobu vybéru vzorktu obou metod pro normalné rozdélenou
proménnou f(x), kterd je v daném prfipadé charakterizovana
Youngovym modulem E. Patrny je vliv po¢tu simulaci na odli§-
nost vybéru vzorku.

Metoda ,,LHS mean‘ konverguje ke spravnému feseni rychle-
jinez metoda ,,LHS median®, a tudiZ vyZaduje mensi pocet simu-
laci. Tuto skutecnost potvrzuje i Vorechovsky (2009).

3.2 Forma vzorku a jejich usporadani

Pri aplikaci metody LHS se vétSinou uvazuje jedna ze dvou
forem vzorku usporddanych do sad pro jednotlivé numerické
simulace. V prvni, po vygenerovani reprezentativnich vzorku pro
vSechny uvazované ndhodné proménné, jsou vzorky do jednotli-
vych simulaci vybirdny ve formé nahodnych permutaci celych
Cisel 1,2, ... az N (viz. tabulka 1).

Rédky permutacni tabulky definuji pocet simulaci N a jejich
poradi, sloupce pocet proménnych X; uvaZovanych pri reSeni
ndhodného problému. Jednotlivé prvky, ¢isla permutacni tabulky
urCuji k-tou vrstvu (interval), ze které je vybrdn vzorek x; ; pro-
ménné X;. Jakmile jsou poradovad Cisla nahrazena vzorky, miZze-
me hovorit o matici X K x N, kde K oznacuje pocet proménnych
a N pocet simulaci.

Druhd forma uvaZuje normalizované vzorky usporddané do
matice U K x N.
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Tab. 1 Permutaéni tabulka — pocet simulaci N/proménnych Xi
Table 1: Permutation table — number of simulations N/variables Xi

X4 X, Xs X, X;
1 3 1 4 3 5
2 5 2 2 1 4
3 1 4 3 5 1
4 4 3 5 2 3
N 2 5 1 4 2

problem. Individual elements, numbers in the permutation table,
determine the kth layer (interval) which the sample xi k of the
variable Xi is selected from. As soon as the sequence numbers are
replaced by samples, we can speak about an X K x N matrix,
where the K denotes the number of variables and N is for the num-
ber of simulations.

The second form considers standardised elements arranged in
a U K x N matrix.

where u; and 0} are the mean value and standard deviation of
the jth variable respectively. This transformation will ensure
that all columns (variables) have a zero mean value and unit
variance. Other options are to work directly with the values of
samples of individual variables or with random variables from
the uniform distribution (0,1) generated in the columns of a
K x N matrix.

However, significant undesired correlations affecting the accu-
racy and quality of results usually originate among individual
variables. The random permutation described above represents the
simplest permutation method. The assumption is adopted that the

ujj = Yo Y generated vectors of the X matrix are independent, or the depen-
9j dences which originate are sufficient-
ly small.
f(x)
0,08 0,06 0,04 0,02 0 3.3. Methods for introducing
i . : : r statistical dependence
It is advisable to verify the measure
- of statistical dependence of individual
® U vectors (columns of the permutation
i - e table) using a Pearson’s linear corre-
o @ lation coefficient or a Spearman’s
& = %: rank correlation coefficient. The
70 - — majority of works (see below) solve
& e the implementation of statistical cor-
- L @] e LHS-mean relation in the form of exchanging the
§ 65 /,[; .! LHS-median sequence of samples at individual
= N . variables and do not change their
e fix) values. In this way, the probability
. e distribution of each random quantity
60 w - '.: is preserved.
. e . There are several methods for
i R & ss:lectin.g samples proposed for the
55 : : simulation of correlated random vec-
. R tors available within the framework
: of Monte Carlo type of simulations,
- \ where random variables have arbitra-

0 5 10 15 20 25 30 35 40

N simulaci - N simulations

ry probability distribution and values
of correlation coefficients. This paper
is further focused on a brief descrip-

Obr. 4 Porovndni vybéru vzorku metodami ,,LHS median a ,,LHS mean* se zohlednénim vlivu poétu simulact
Fig. 4 Comparison of sampling using the LHS Median and LHS Mean methods with the number of simulations

taken into consideration

tion and assessment of a group of
methods which are based on the opti-
misation of the sequence of samples
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kde u; a 0j jsou stfedni hodnota a smérodatnd odchylka j-té pro-
ménné. Tato transformace zajisti, Ze viechny sloupce (proménné)
maji nulovou stfedni hodnotu a jednotkovy rozptyl. Dal§imi moz-
nostmi je pracovat piimo s hodnotami vzorku jednotlivych pro-
meénnych nebo s ndhodnymi hodnotami z rovnomérného rozdele-
ni (0,1) vygenerovanych ve sloupcich matice K x N.

Mezi jednotlivymi proménnymi vSak dochdzi zpravidla ke
vzniku znaénych nezddoucich korelaci, které ovliviuji presnost
a kvalitu vysledku. VySe popsand ndhodnd permutace predstavu-
je nejjednodussi permutaéni metodu. Je prijat predpoklad, ze
vygenerované vektory matice X jsou nezdvislé, pripadné vznik-
1€ zdvislosti dostate¢né malé.

3.3 Metody zavedeni statistické zavislost

Miru statistické zdvislosti jednotlivych vektora (sloupcu per-
mutaéni tabulky) je vhodné ovérit vyuZitim Pearsonova linedrni-
ho korelaéniho koeficientu nebo Spearmanova koeficientu pora-
dové korelace. Vétsina praci (viz dale) resi implementaci statis-
tické korelace formou zdmény porad{ vzorka u jednotlivych pro-
ménnych a neméni jiZ jejich hodnoty. Timto zpusobem je zacho-
véano pravdépodobnostni rozdéleni kazdé ndhodné proménné.

Existuje fada metod vybéru vzorki navrZzenych pro simulaci
korelovanych ndhodnych vektort v rdmei simulaci typu Monte
Carlo, kdy ndahodné proménné disponuji libovolnym pravdeépo-
dobnostnim rozdélenim a hodnotami korela¢nich koeficientu.
Clanek se déle zaméfuje na stru¢ny popis a hodnoceni skupiny
metod, kterd je zaloZena na optimalizaci poradi vzorku ve sloup-
cich matice K x N, které byly generovdny bez prihlédnuti ke
korelacim.

Ortogonalni transformace nezavislych ndhodnych promeén-
nych v korelované predstavuje nejroz3itenéjsi zpusob zavadéni
korelace v metodé LHS a vychdzi z metody publikované autory
Scheuerem a Stollerem (1962). Ti navrhli zpasob generovéni
korelovanych proménnych s Gaussovym rozdelenim, jeZ je zalo-
Zeny na Choleského dekompozici kovarian¢ni matice (viz déle).
Iman a Conover (1982) popsali metodu vyuZivajici Spearmantv
koeficient korelace k popisu statistické zdvislosti mezi sloupci
matice poradovych &isel a Choleského dekompozici korela¢ni
matice. Navrzend metoda ma obecnéjsi charakter ve srovnani
s navrhem autort Scheuera a Stollera, jelikoZ neni omezena na
normalné rozdélené ndhodné proménné. Nevyhodou vak zustd-
véa predpoklad nekorelovanych vstupnich proménnych a pre-
trvavajici vyznamnd chyba v korelaci mezi proménnymi vzhle-
dem k pozadované korelacni matici.

Metoda nazvand ,,Updated Latin Hypercube Sampling™
(ULHS) (Florian 1992) vychdzi z postupu Iman a Conover a byla
vyvinuta pro redukci nezddouci korelace s cilem obdrZet nekore-
lované proménné. Spearmanuv koeficient korelace (8) popisuje
zavislost mezi sloupci matice ndhodné generovanych porado-
vych Cisel R (K x N):

~ 62k(Rui — Ryj)?
NN —D(N + 1)

kde koeficienty c;; jsou Spearmanovy koeficienty poradové
korelace mezi proménnymi i a j v intervalu {-1,1} a R jednotli-
vé prvky matice R. Korela¢ni matice C je symetrickd a pozitivné
definitivn{ vyjma pripadu, kdy nékteré sloupce maji identické
poradi. Choleského dekompozice (9) vyzaduje, aby matice C
byla pozitivné definitivni, coZ soucasneé znamend, Ze pocet simu-
laci (realizaci) musi byt vét§i nez pocet proménnych, tzn. N>K.
V pripadé UHLS m4 C tvar jednotkové matice.

C=L"L &)

C,:J'=]. (8)

2

L je dolni trojihelnikovd matice. Upravend matice poradi R*
vychdzi ze vztahu (10):

in the columns of a K x N matrix, which were generated without
taking correlations into consideration.

The orthogonal transformation of independent random variables
into correlated variables represents the most widely spread met-
hod for introducing correlation in the LHS method; it is based on
a method published by authors Scheuer and Stoller (1962). They
proposed a method for generating correlated variables following
the Gaussian curve of distribution, which is based on Cholesky
decomposition of covariance matrices (see below). Iman and
Conover (1982) described a method using Spearman’s coefficient
of correlation for the description of statistical dependence betwe-
en columns of a sequential numbers matrix and the Cholesky
decomposition of a correlation matrix. The proposed method has
a more general character in comparison with the proposal of aut-
hors Scheuer and Stoller because of the fact that it is not restricted
to normally distributed random variables. Anyway, the assumpti-
on of uncorrelated input variables and a persisting significant error
in correlation between variables with respect to the required cor-
relation matrix remain to be disadvantage.

The method referred to as the Updated Latin Hypercube
Sampling (ULHS) (Florian 1992) starts from the Iman and
Conover procedure and was developed for the reduction of unde-
sired correlation with the aim of obtaining uncorrelated variables.
Spearman’s coefficient of correlation (8) describes the dependen-
ce among columns of a matrix of randomly generated sequential
numbers R (K x N):

o 6 X (Ryi — Ryj)?
L A N(N —1)(N + 1)

where coefficients ¢;; are Spearman’s coefficients of correlati-
on among variables 7 and j within the interval {—1.1} and R is for
individual elements of matrix R. The correlation matrix C is sym-
metrical and positively definite with the exception of cases where
some columns have identical serial numbers. The Cholesky
decomposition (9) requires the matrix C to be positively definite,
which at the same time means that the number of simulations (rea-
lisations) must be greater than the number of variables, i.e. N>K.
In the case of the UHLS, the C has the shape of a unit matrix.

®)

C=L"TL ©)

L is a lower triangular matrix. The modified matrix of sequen-
ce R* is derived from the relationship (10):

R* =RL"! (10)

The sequential numbers in each column of the matrix of sequ-
ence R are subsequently aligned in a way securing that their sequ-
ence is identical with the sequence of numbers in corresponding
columns of matrix R*. This system of modifying the sequential
matrix can be realised iteratively and it theoretically allows signi-
ficant reduction of correlation (Huntington and Lyrintzis 1998).
Thus the matrix R will contain significantly lower level of unde-
sired correlation in its result. Although, other authors caution that,
when used in praxis, the ULHS method tends to converge to sequ-
ences which continue to provide erroneous generation among
variables. In the case of the simulation of correlated variables, the
technique described above encounters certain problems. First of
all it is necessary to use the ULHS iterative method to minimise
the correlation. Subsequently the matrix T with required correla-
tion coefficients is subjected to the Cholesky decomposition and
a new sequential matrix is obtained using the equation for R*.
This correlation method can be used exclusively once, without
possibility for the improvement by iterations.

Huntington and Lyrintzis (1998) propose an optimisation met-
hod called ,,single-switch*. Instead of using serial numbers it




R* =RL"! (10)

Poradova ¢&isla v kazdém sloupci poradové matice poradi R
jsou nésledné srovnédna tak, aby méla stejnd poradi jako ¢isla
v odpovidajicich sloupcich matice R*. Tento zpusob dpravy
matice poradi muZe byt realizovdn iterativné a teoreticky dovoli
vyrazné sniZeni korelace (Huntington a Lyrintzis, 1998). Matice
R tak ve vysledku bude zahrnovat zna¢né niZsi droven nezadou-
cf korelace. Dals{ autofi v§ak upozornuji na skute¢nost, Ze pri
pouziti v praxi md metoda ULHS tendenci konvergovat
k poradim, které i naddle poskytuji chybnou korelaci mezi pro-
ménnymi. V pripadé simulace korelovanych proménnych ma
popsana technika urcité problémy. Nejprve je nutné pouZzit itera-
tivné metodu ULHS k minimalizaci korelace. Nésledné je mati-
ce T s pozadovanymi korelacnimi koeficienty podrobena
Choleského dekompozici a vyuZitim rovnice pro R* ziskdna
nové poradovd matice. Tato koreladni metoda muze byt pouZita
vyhradné jednou, jiz zde neni moZnost zlepSeni iteracemi.

Huntington a Lyrintzis (1998) navrhuji optimalizacni metodu
nazvanou ,single-switch®. Ta nevyuzivd poradovd Cisla, ale
primo usporadava upravené vzorky a pro stanoveni korelaci vyu-
7ivd Pearsonuv korelalni koeficient. Matice R obsahujici nese-
razené modifikované vzorky (11):

Sij = L1 e ) (11)
9j
kde u; j je stiedni hodnota j-té proménné a oj je odpovidajici
smérodatnd odchylka. Nésledujici procedura je feSena postupné
pro kazdy sloupec m z uvazovaného (feSeného) m-1 poétu sloup-
cu. Vektor T, obsahujici aktudlni korelaéni koeficienty mezi m-
tym a kazdym predchozim sloupcem je definovan (12):

N
1
T; =NZ RijRim 12)
i=

kde 1 <j < m-1. Chyba E korela¢nich koeficienti (nezaménit
s efektivnim zatiZenim E v EC7) je (13):

m—1
E= Z (T} = Tjm)? (13)
=1

kde T” je matice obsahujici pozadované korelacni koeficienty.
Jsou-li uvaZovidny nekorelované proménné, tyto koeficienty
nabyvaji nulovych hodnot. Principem optimaliza¢ni metody je
vypocet zmény E pro kazdy par vzorkd m-té proménné, ktery
nastane pri jejich vzajemném prohozeni. Par poskytujici nejveétsi
redukci E je prohozen. Tento postup je pro m-tou promeénnou
realizovan iterativn¢ az do okamziku, kdy neni mozné Zadné
dal$i zlepSeni, nebo se korelacni koeficienty nachdzeji uvnitf
definovanych intervali. Postupné je procedura opakovdna pro
viechny proménné. Na zdvér je k ziskdni matice vzorkd
S pouzita pretfidénd matice vzorki R*. Autofi ve své studii
vyhodnocuji nové navrZzenou metodu na zdkladé porovndni s
technikou UHLS. Metoda ,single-switch® poskytuje vyrazné
vyS§i korelalni presnost pii niz§im poétu proménnych a vzorka
ve srovnani s UHLS.

Velmi efektivni a presnou proceduru pro zavedeni pozadova-
nych korelaci predstavuje metoda simulovaného Zthani (napr.
Morris a Mitchel, 1995, Vorechovsky, 2009). Metoda pracuje jak
se Spearmanovym koeficientem, tak s klasickym linedrnim
Pearsonovym a dalSimi koeficienty korelace. Pro hodnoceni kva-
lity statistickych zdvislosti upfednostiuje normu E, kterd zohled-
nuje deviace vSech koeficientt korelace s druhou mocninou (14),
pred maximalnim rozdilem, ktery neni vhodny pro pfimou mini-
malizaci.
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directly arranges modified samples and uses Pearson’s correlation
coefficient for the determination of correlations. The matrix R
containing unaligned modified samples (11):

Si= M (11)

Ci
where ui,j is the median value of jth variable and oj is the cor-
responding standard deviation. The subsequent procedure is sol-
ved step-by-step for each column m from the m-1 number of the
columns being considered (solved). The vector T containing cur-
rent topical coefficients between the mth column and each prece-

ding column is defined (12):

N
1
"r}, = Nzl Ri;'Ra'm (12)
i=

where 1 <j < m-1. The error E of correlation coefficients (not
to mistake with effective load E in EC7) is (13):
m-—1
E= ) ()= T (13)
j=1
where 7~ is a matrix containing required correlation coeffici-
ents. If uncorrelated variables are taken into consideration, these
coefficients assume zero values. The principle of the optimisation
method lies in the calculation of the change E for each pair of sam-
ples of the mth variable, which originates when they are swapped.
The pair providing the greatest reduction E is swapped. This pro-
cedure is realised for the mth variable iteratively until no other
improvement is possible or the correlation coefficients are found
inside the defined intervals. The procedure is repeated step by step
for all variables. In conclusion, the resorted matrix of samples R*
is used for obtaining the matrix of samples S. In their study, the
authors assess the newly proposed method on the basis of
a comparison with the UHLS technique. The Single-Switch met-
hod provides significantly higher correlation accuracy at a lower
number of variables and samples in comparison with the UHLS.
A very effective and accurate procedure for the implementation
of required correlations is represented by the Simulated Annealing
Method (e.g. Morris and Mitchel 1995, Vorechovsky 2009). The
method operates with both Spearman’s coefficient and classical
linear Pearson’s coefficient and other correlation coefficients. It
prefers the standard E for assessing the quality of statistical depen-
dences, allowing for deviations of all correlation coefficients with
a square (14), to the maximum difference, which is not suitable for

direct minimisation.
Ny Ny

E= ZZ(A:',; =T (14)

i=1 j=1

where Ny is the number of variables and in brackets there is the
difference between topical correlation coefficients A; ; and requi-
red 7;; quantities i and j. The method starts from a simple proba-
bilistic method which swaps the serial numbers of a random pair
of samples of a randomly selected variable in matrix X (e.g. stan-
dardised samples, serial numbers of samples). In the case of the
standard E reduction, the matrix X was adopted as a new genera-
tion, i.e. the initial matrix. But the above-mentioned procedure in
the majority of cases ends in a state where no change brings the
reduction of the standard and the new matrix cannot be adopted.
The method therefore finds the so-called local minimums, without
a chance of finding the actual global minimum. The principle of
the Simulated Annealing Method is therefore based on the violati-
on of the condition that a new generation of samples may be ado-
pted only in the case of the standard E having been reduced.
A new generation originates in each iteration. It is ether adopted
or not. The simulated annealing is in line in the other case and the
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Ny Ny

E= Z Z(Ai,j - Ti,;‘)z (14)

i=1j=1

Kde Ny je poCet proménnych a v zdvorce rozdil korelatnich
koeficienti aktudlnich A,; a poZadovanych T;; veli¢in i a j.
Metoda vychézi z jednoduché pravdépodobnostni metody, ktera
zaménuje poradi ndhodné dvojice vzorka ndhodné vybrané pro-
meénné v matici X (napf. normalizované vzorky, poradova Cisla
vzorkl). V piipadé, Ze doslo ke sniZeni normy E, byla matice X
prijata jako nové generace, tedy vychozi matice. Uvedeny postup
viak ve vetSiné piipadu kon&i ve stavu, kdy jakdkoli zména
nepiind$i sniZeni normy a novd matice nemuZe byt pfijata.
Metoda tak nachdzi tzv. lokdlni minima bez Sance nalezeni sku-
tecného globdlniho minima. Princip metody simulovaného Ziha-
ni je tedy zaloZen na poruSeni podminky, Ze nova generace vzor-
ka muZe byt pfijata pouze v piipadé, Ze doslo ke sniZeni normy
E. V kazdé iteraci dochdzi k vytvoreni nové generace, ktera je
bud pfijata, nebo ne. Simulované Zihdni pfichdzi na fadu
v druhém pripadé a novy vektor s vyssi energetickou konfigura-
ci (AE > 0) je prijat s uréitou pravdépodobnosti, kterd se fid{
Boltzmannovo rozdélenim (15).

—AE
P~ exp () as)

Toto rozdéleni uvazuje systém, ktery se nachdzi v teplotni rov-
novaze t a ma svou energii pravdépodobnostné rozlozenou mezi
mozné energetické stavy AE. Nenulovd pravdépodobnost
v prijeti nové generace vzorka zvySuje moZnost nalezeni konfi-
gurace, kterd se vyhne lokdlnimu minimu.

Dalsi vybrané permutacni metody budou zminény jiz méné
podrobné. Mezi né ndlezi i metoda ,,Symmetric Latin Hyper-
cubes Design (SLHD)“ (Ye a kol., 2000), kterd vychdzi ze
symetrické matice N x K. SLHD je zaloZen na algoritmu
,columnwise-pairwise (CP)“. Ten pfi hleddni optimdlni syme-
trické matice v kazdém kroku dané iterace prohazuje soucasné
poradi dvou pdrt vzorku uvnitf sloupce. Na konci iterace je
vybrdna nejlepsi zaména vzhledem ke kritériu minimalizace
a pouzita k dpraveé matice. Podoba vysledné matice je vyrazné
citlivd na pocatecni ndhodné vygenerovani permutac¢ni matice,
tudiZ by cely algoritmus mél byt opakovédn vicekrat s riznymi
pocateénimi permutacemi. Metodu autofi vyhodnocuji na
zdkladé porovnani s algoritmem simulovaného Zihdni a Cho-
leského dekompozici. Dal§im prikladem algoritmu zaloZeného
na optimalizaci poradi prvku poradové matice, svym feSenim
blizky Choleského dekompozici, je Gram—Schmidtova porado-
vd ortogonalizace. Existuje fada dalSich metod zaloZenych na
optimalizaci poradi vzorki matice prvku, pripadné poradové
matice, které byly implementovany do metody LHS z divodu
zohlednéni korelaci mezi proménnymi a nejsou zde podrobnéji
popsény. Jejich princip je vSak velmi podobny algoritmum
popsanym vyse.

Ke spolehlivému stanoveni korelovanosti proménnych je
nutné mit k dispozici zna¢né mnoZstvi vysledki z geotech-
nického prizkumu. Tento predpoklad je velmi obtizné naplnit,
jelikoZ finan¢ni ndklady projektu urcené na laboratorni experi-
menty jsou v souCasné dobé s ojedinélymi vyjimkami velmi
omezené. VEtsina praci zamérenych na pravdépodobnostni fese-
ni geotechnickych problému se tak potykd s nedostatkem vhod-
nych statistickych dat a je proto nutné hledat mozné vztahy
v databdzich projekta realizovanych v obdobném geologickém
prostredi, ackoli tak dochdzi k vnaseni nepfesnosti do analyz.
I z tohoto duvodu studie, zabyvajici se vlivem variability vstup-
nich proménnych, Casto fe$i experimentalni problém, kde
potrebnd data jsou dostupnd.

new vector with a higher energy configuration (AE > 0) is adopted

with a certain probability which follows Boltzmann’s distribution
(15).

—AE

(2

This distribution takes into consideration a system which is
found in temperature balance ¢ and has its energy in terms of pro-
bability distributed among possible energy states AE. The non-
zero probability in the adoption of a new generation of samples
increases the chance of finding a configuration which will avoid
the local minimum.

Other selected permutation methods will be mentioned in smal-
ler detail. The Symmetric Latin Hypercubes Design (SLHD) met-
hod (Ye et al. 2000), starting from a symmetric matrix N x K,
belongs among them. The SLHD is based on a Columnwise-
Pairwise (CP) algorithm. When an optimum symmetric matrix is
being sought, this algorithm concurrently swaps the sequence of
two pairs within a column in each step of a particular iteration.
The swap which is best with respect to the minimisation criterion
is selected at the end of the iteration and is used for the matrix
modification. The shape of the resultant matrix is significantly
sensitive to the initial random generation of the permutation mat-
rix, therefore the whole algorithm should be repeated several
times with different initial permutations. The authors have asses-
sed the method on the basis of a comparison with the simulated
annealing algorithm and Cholesky decomposition. Another exam-
ple of an algorithm based on the optimisation of the sequence of
elements of a sequential matrix, which is close to Cholesky
decomposition in terms of its solution, is the Bram — Smith sequ-
ential orthogonalisation. There are several other methods availab-
le based on the optimisation of the sequence of samples of the
matrix of elements or sequential matrix, which were implemented
into the LHS method with the aim of allowing for correlations
among variables and are not described in this paper in more detail.
Anyway, their principle is very similar to the algorithms described
above.

If the determination of the degree of correlation of variables is
to be reliable, it is necessary to have a significant number of the
geotechnical investigation results available. Although, it is very
difficult to meet this condition because of the fact that financial
expenses of a project allocated to laboratory experiments are
today, with isolated exceptions, very limited. The majority of
works focused on probabilistic solutions to geotechnical problems
fight with the lack of suitable statistical data and it is therefore
necessary to seek potential relationships in the databases of pro-
jects which were realised in a similar geological environment,
despite the fact that in this way inaccuracies are inserted into ana-
lyses. It is also for this reason that studies dealing with the influ-
ence of the variability of input variables frequently solve an expe-
rimental problem where there is the required data available.

3.4 Other modifications of the LHS method

In comparison with the Monte Carlo method, the fundamental
concept of the LHS method suffers from a significant disadvan-
tage. It does not allow arbitrary adding simulations to the realisa-
tions for which the calculations were already completed. This
disadvantage follows from the formulation itself and from the
method principle, where it is necessary from the very beginning
of solving the problem to choose the exact number of simulati-
ons. If we randomly added other simulations to the already com-
pleted realisations, the loss of consistency, or the uniform distri-
bution within the distribution function domain, would follow. If
an insufficient accuracy of the problem response is identified, it
is necessary to proceed to solving the problem from the very




3.4 DalSi upravy metody LHS

Ve srovndni s metodou Monte Carlo ma zdkladni koncept
metody LHS vyraznou nevyhodu, neumoZznuje libovolné prida-
vat simulace k jiZz vypoctenym realizacim. Tato nevyhoda plyne
z vlastni formulace a podstaty metody, kdy hned na zacatku rese-
ni problému je nutné zvolit presny pocet simulaci. Pokud
bychom k jiZ vypoltenym realizacim nahodile pridali dalsi,
doslo by ztraté konzistence neboli rovnomérného rozdéleni na
oboru distribuéni funkce. V pripadé zjisténi nedostate¢né pres-
nosti odezvy problému je nutné pristoupit k feSeni od samého
pocatku tentokrate s vyS$Sim poctem simulaci. Reseni vyse
popsané nevyhody nabizi Sallaberry a kol. (2008). Autori navr-
huji algoritmus pro rozsifeni vychozi LHS o poctu vzorku m
a korelovanych proménnych s odpovidajici korela¢ni matici C
na LHS s 2m vzorky a korela¢ni matici blizkou origindlni.
Hierarchical Subset Latin Hypercube Sampling je metoda navr-
Zené Vorechovskym (2009, 2010) z duvodu feSeni moZného roz-
S§iteni poctu simulaci pro korelované ndhodné proménné.
zeni pouze konkrétnich vybranych subintervalu. Priddvané
simulace nemaji podobu LH — vzorku jako takovych, a nelze je
tudiz vyhodnotit samostatné. VZdy museji byt zkombinovany se
sadou vzorkd na niZ§i drovni a vyhodnoceny spoletné jiz jako
presny LHS celek rovnomérné rozloZeny na intervalu (0,1) jako
v pripadé metody LHS — median.

Dalsi dprava LHS a jeji aplikace, vztaZzend predevSim
k akademické pade, souvisi se zohlednénim prostorové variabi-
lity vlastnosti horninového masivu. Metoda je zaloZena na teorii
ndhodnych polf a autokorelace prostorovych vlastnosti geologic-
kého prostredi vstupuje do vypoctu ve formé korela¢ni funkce,
kterd je nejCastéji vyjddrena exponencidlnim vztahem (napr.
Markovova funkce).

4 APLIKACE METODY LHS PRO RESENI
GEOTECHNICKYCH ULOH V CR

Vyuziti metody LHS v geotechnické praxi v Ceské republice
neni prili§ Casté, pfevazna vétsina praci zabyvajici touto temati-
kou byla vypracovdna na akademické pudé.

Statistickd analyza numerického modelu tunelu Mrazovka je
soucasti prace Hilara (2000), kde pomoci LHS byl vyhodnoco-
van vliv péti zdkladnich parametrt Mohr-Coulombova modelu
na deformace osténi a povrchu. Dal§im prikladem je vyuziti
metody LHS pro vypocty tunelu Valik (Hrubesova a kol., 2003),
kde je pomoci LHS vyhodnocovén vliv 10 vstupnich parametra
(napft. také soucinitel anizotropie, tiklon puklin, atd.). Vanéckova
(2008) vyuzivd metody LHS pro feSeni stability skalniho svahu
prostoupeného systémem diskontinuit. Geotechnické parametry
a dal3f vlastnosti ploch nespojitosti mohou nabyvat &tyf ruznych
pravdépodobnostnich rozdeleni. Soucdsti prace Pardka (2008) je
vyuZiti metody LHS pro stanoveni vlivu geotechnickych para-
metrti geologickych vrstev, parametra stifikaného betonu
a pocate¢nich podminek na strukturni sily v osténi tunelu kruho-
vého prutezu. VyuZiti LHS v geotechnice se dlouhodobé vénuje
doc. J. Pruska (napr. Pruska, gedivy, 2010).

Vyse uvedené prace predpoklddaji linedrné nezdvislé vstupni
geotechnické parametry, proto v nich nebyla fesena jejich korela-
ce. Déle vSechny uvedené prace uvazuji typ metody LHS — medi-
an (stied intervalu na oboru distribu¢ni funkce). Tato metoda ve
srovnani s LHS — mean konverguje k vysledku vyrazné pomale-
ji, pro dosaZeni uspokojivé presnosti je doporucovan vétsi pocet
simulaci. Ddle je v uvedenych pracich zpravidla uvaZzovédno nor-
malni pravdépodobnostni rozdéleni vstupnich parametru.

Vyrazné uplatnéni v CR nachézi metoda LHS v oboru Zelezobe-
tonovych konstrukci. Ustav stavebni mechaniky Stavebni fakulty
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beginning, this time with a higher number of simulations. The
solution to the above-mentioned disadvantage is offered
Sallaberry et al. (2008). The authors propose an algorithm for the
expansion of the initial LHS with the number of samples m and
correlated variables with the corresponding correlation matrix C
to the LHS with 2m samples and correlation matrix close to the
original matrix. The Hierarchical Subset Latin Hypercube
Sampling is a method proposed by Vorechovsky (2009, 2010)
with the aim of solving possible extension of the number of simu-
lations for correlated random variables. The principle of the
HSLHS method lies in adding simulations in the form of occu-
pying only concrete selected sub-intervals. The simulations being
added do not have the form of LH-samples as such and it is the-
refore impossible to assess them independently. They must
always be combined with a set of samples at the lower level and
be assessed jointly, already as an accurate LHS complex evenly
distributed within the interval (0,1), in the same way as in the
case of the LHS — Median method.

Another modification of the LHS and its application, relating
first of all to university premises, is connected with allowing for
the spatial variability of ground mass properties. The method is
based on the theory of Random Fields and the autocorrelation of
spatial properties of geological environment enters the calculation
in the form of a correlation function, which is most frequently
expressed by an exponential relationship (e.g. mark correlation
function).

4 THE LHS METHOD APPLICATION TO SOLVING
GEOTECHNICAL PROBLEMS IN THE CZECH REPUBLIC

The use of the LHS method in geotechnical practise in the
Czech Republic is not too frequent; the majority of works dealing
with this topic was carried out on university premises.

The statistical analysis of the Mrdazovka tunnel numerical model
is part of the work of Hilar (2000), where the LHS was used for
assessing the influence of five basic parameters of the Mohr-
Coulomb model on deformations of the lining and terrain surface.
Another example is the use of the LHS method for the Valik tun-
nel calculations (HrubeSova et al. 2003), where the LHS is appli-
ed to the assessment of the influence of 10 input parameters (e.g.
the anisotropy coefficient, dipping of discontinuities etc.).
Vanéckova (2008) uses the LHS method for solving problems of
stability of a rock slope interspersed by a system of discontinuiti-
es. Geotechnical parameters and other properties of discontinuity
surfaces can assume four different probability distribution forms.
Part of the work by Pardk (2008) is the application of the LHS
method to the determination of the influence of geotechnical para-
meters of geological strata, parameters of sprayed concrete and
initial conditions on structural forces in a circular tunnel lining.
Doc. J. Pruska devotes himself to the use of the LHS in geotech-
nics in the long term (e.g. Pruska, §edivy 2010).

The above-mentioned works assume linearly independent input
geotechnical parameters, which is the reason why they did not
deal with their correlation. In addition, all of the above-mentioned
works consider the LHS-Median method type (the mid-point of an
interval within the domain of the distribution function). This met-
hod, in comparison with the LHS-Mean, converges to the result
significantly slower; a higher number of simulations is recom-
mended for the purpose of achieving a satisfactory accuracy.
Further, normal probability distribution of input parameters is
usually assumed in the above-mentioned works.

The LHS method finds significant use in the CR in the field of
reinforced concrete structures. The Institute of Building
Mechanics of the Faculty of Civil Engineering of the University
of Technology in Brno, represented by Prof. Novédk and others,
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VUT v Brné v zastoupeni doc. M. Vorechovského, prof. Novaka
a dal$ich se dlouhodob¢ zabyva tpravami a vylepSenimi metody
LHS pro praktické aplikace.

5 SHRNUTI

Metoda Latinskych hyperkrychli (LHS) predstavuje efektivni
pravdépodobnostni metodu typu Monte Carlo pro statistické
zpracovdani vstupnich promeénnych a odhad statistickych momen-
tu odezvy feSeného problému. Nejvétsi vyhodou je moZnost
zna¢ného sniZeni poctu simulaci oproti standardni metodé Monte
Carlo pfi zachovdni vysoké presnosti odhadu. Metoda LHS
zachovava pravdépodobnostni rozdéleni pfifazené v§em simulo-
vanym proménnym a umoZznuje zohlednéni korelovanosti mezi
nimi. Byla vyvinuta a prijata fada modifikaci, které zvySuji pres-
nost metody a soucasné sniZuji Casovou ndro¢nost simulaci.
Metoda LHS nachdzi své uplatnéni v fadé oborli, mezi nimiZ ma
své misto i geotechnika v&etné podzemniho stavitelstvi. Vyuziti
metody LHS pro statické vypolty podzemnich staveb muZze
vyrazn€ zpresnit predstavu o predpoklddaném chovdni posuzo-
vané konstrukce (zejména pak o pravdépodobnosti vyskytu
extrémnich stavi).
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